The Cauchy-Kovalevskaya and evolution forms of all hyperheavenly equations are presented. Some methods of integration of these equations are proposed.
I. INTRODUCTION
It is well known' that the self-dual complex Einstein equations can be brought to one second order nonlinear partial differential equation for one function. In Ref. 1 two forms for this differential equations have been proposed, the first heavenly equation and the second heavenly equation. Now it is also well known that a self-dual complex space-time (M,ds2) (the heaven or the X-space) is equipped with a rich geometric structure, the hyperkahler structure,2-5 which determines the foliations of (M,ds2) by the anti-self-dual null totally geodesic 2-surfaces (the antiself-dual null strings) such that the variety of these 2-surfaces constitutes a 3-dimensional complex differential manifold, the projective twistor space pT.6 Recently one observes a great deal of interest in the heavenly equations as they also arise by a dimensional reduction of the equations for 2-dimensional sigma models or 4-dimensional self-dual Yang-Mills fields.7-'1 Moreover, the hyperkahler structure and, consequently, the heavenly equations have found their application in the 2-dimensional string theory.12
On the other side it is known'3-15 that a much more poor geometric structure on the complex space-time, than the hyperkahler one, is sufficient to reduce the vacuum Einstein equations to one second order nonlinear partial differential equation for one function (the hyperheavenly equation). This sufficient structure consists of one foliation of the vacuum complex space-time by the anti-self-dual null strings. If such a foliation does exist then the Goldberg-Sachs theorem implies that the anti-self-dual part of the Weyl tensor is algebraically special. '6-'8 The inverse statement is also true. Of course, mutatis mutundi, all results hold true when the self-dual foliation is considered. Thus one arrives at the conclusion that if the anti-self-dual (or the self-dual) part of the Weyl tensor on the vacuum complex space-time is algebraically special (the hyperheaven or XXspace) then the vacuum Einstein equations can be reduced to the hyperheavenly equation. As any real analytic Lorentzian space-time can be considered to be a real slice" of an appropriate complex space-time, the hyperheavenly equations describe all real analytic vacuum algebraically special Lorentzian (i.e., "physical") space-times. This is why we find it necessary to develop the methods which enable one to understand the structure of the hyperheavenly equations and then to find solutions of these equations. The present paper is devoted to these problems.
In 1988 Ashtekar, Jacobson, and Smolin4 found a new form for the self-dual Einstein equations. They reduced these equations to some constraints and the system of evolution equations on a triad of complex vectors. A considerable progress has been done by Grant, 20 who has shown in his distinguished paper that the Ashtekar-Jacobson-Smolin equations can be reduced to one second order nonlinear partial differential equation of the Cauchy-Kovalevskaya form for one function. Then he has found an evolution form for his equation to be a system of two evolution equations for two functions. This enables one to find the general solutions iteratively. At the end of his paper, Grant shows how a simple transformation leads from his second order equation to the first heavenly equation. It has been quickly observed that this transformation is in fact the Legendre transformation and it has been shown that, similarly, one can bring the second heavenly equation to the Cauchy-Kovalevskaya form and then to the evolution form. admits two anti-self-dual null string foliations which are necessary expanding. Every .%?-space admits a nonexpanding anti-self-dual null string foliation, but it may also admit an expanding one. (For details see Refs. 15 and 18).
The paper is organized as follows. In Sec. II we deal with the hyperheavenly equations for the nonexpanding cases (0 = 0). We find the Legendre transformations bringing these equations to the Cauchy-Kovalevskaya form, and then, consequently, to the evolution form. The similar considerations in the expanding cases (0 # 0) are given in Sec. III.
In Sec. IV some propositions concerning searching for the solutions of the equations obtained in the previous sections are presented. Concluding remarks (Sec. V) close the paper. d(F-xF,)-F,dp-FF,dq+xdFX-F,dy=O (2.7)
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and, then we perform the following Legendre transformation (one assumes F,, # 0) Then z= -F,*x=x(p,q,z,y),
(2.8)
dH-H,dp-H,dq-H,dz-H,dy=O. where r3=B(p,q,x,y) and n=n(p,q) is a function restricted to the condition: C(l)= -2. [If e,, = 0 then one proceeds as in the case (i 
III. EVOLUTION HYPERHEAVENLY EQUATIONS FOR O#O
Here it is convenient to apply the spinor formalism.1~14'15 The local coordinates are denoted by qA ,P~,A,B= 1,2. Spinorial indices A,B ,..., etc., are to be manipulated according to the rule WA = eAB*', qA = gA*\Ir,, This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. It remains only to consider the case when F,,= 0 and one cannot perform the Legendre transformation (3.12). In this case the coordinate transformation t= 77+p, z= 71-p, 4-+4, P-+(P (3.17)
brings Eq. (3.9) to the Cauchy-Kovalevskaya form and then, consequently, to the evolution form.
(v) Type lavl@[Dl.
Here the original hyperheavenly equation is exactly of the form (3.3) but, instead of (3.4), the function 8 is now restricted to the condition'3-'s yeqA=o. where v. is a nonvanishing constant, 7 is a function of qA , y= +( qA), restricted to the condition py,*=o (3.24) and other symbols are defined as in the case (iv). Define new coordinates {p,q, 7,~) by (3.5). Then Eq. (3.23) leads to the following equation written in terms of the differential forms 25) where, as before, 8= &p,q, 7,~) stands for the function 6 as expressed in terms of the coordinates p,q, 7, cp and, similarly, y stands for 7 as expressed in terms of p, q. Then the condition (3.24) is equivalent to the following one yg=O, i.e., r=y(p). This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. 
Finally, substituting t=ln cp, H= H(p,q,z,t)= F(p,q,z,e') one arrives at the hyperheavenly equation of the Cauchy-Kovalevskaya form H, ,-e'H,,+H,,H,,-H,,H,,+2zH,,-3H,+e2'.(y-voH,) It remains only to consider the case when gVtl= 0 and one cannot perform the Legendre transformation (3.27). Then, similarly as in the case (iv), the transformation (3.17) brings Eq. where f=?(qA), but instead of (3.24) the following condition is imposed on y pj$A#o. Inserting po= 0 in the cases (iv) and (u), or vo= 0 and y= 0= y in the case (i') or, finally, y= 0 = y in the case (i'i') we arrive at the heavenly equation as "founded" on the expanding null string foliation. Thus we obtain H,,-e 'H,,+H,4H,,-H,,H,g+2zH,,-3H,=0, H,,fO and in the evolution form This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions.
one can look for the general solution of (4.1) in the form of the power series expansion20T21
with H( 0) = a0 and H,( 0) = a t as arbitrary Cauchy data on the hypersurface t = 0. This method is rather of a theoretical importance than of the practical one. Perhaps more effective is the method also proposed by Grant20 and then adapted to the second heavenly equation in Ref. 21 . This is the successive approximation method. In our present case it works as follows:
The In the paper we have found the Legendre transformation leading from the original hyperheavenly equations to the hyperheavenly equations of the Cauchy-Kovalevskaya form and then of the evolution form. We have also proposed some methods of integration of the equations obtained. Of course, the main problem is to use these methods, and also other methods which have not been mentioned here, to get solutions to the hyperheavenly equations. This point will be considered in a separate paper. Another point of great importance is the problem of integrability of our equations. Here the question to be answered can be stated: "Which of the hyperheavenly equations are completely integrable?" This question is closely related to looking for the infinite families of conserved quantities20*25926 and to looking for the Hamiltonian formulation of the evolution hyperheavenly equations.*' This latter point is also important for the quantization of the system. The problem of complete integrability of the hyperheavenly equations is evidently connected with the Painleve analysis of these equations** and with the question, if these equations can be found to be symmetry reductions of the self-dual Yang-Mills equations. '1'27 In our opinion all mentioned above problems are of a great interest for the complex relativity as well as for the Lorentzian (i.e., "physical") relativity.
